In this article we develop a nonparametric methodology for estimating the mean change for matched samples on a Lie group. We then notice that for k ≥ 5, a manifold of projective shapes k-ads in 3D has a structure of 3k − 15 dimensional Lie group that is equivariantly embedded in an Euclidean space, therefore testing for mean change amounts to a one sample test for extrinsic means on this Lie group. The Lie group technique leads to a large sample and nonparametric bootstrap test for one population extrinsic mean on a projective shape space, as recently developed by Patrangenaru, Liu and Sughatadasa. On the other hand, in absence of occlusions, the 3D projective shape of a spatial configurations can be recovered from a stereo pair of images, thus allowing to test for mean glaucomatous 3D projective shape change detection from standard stereo pair eye images.
Introduction
Statistical analysis on Lie groups was first considered by Beran (1969) in the context of testing for uniformity of a distribution on a compact homogeneous space. Nonparametric density estimation on Lie groups via deconvolution like techniques and Fourier analysis was developed by Kim (1998) and Healy et. al. (1998) , Lesosky et. al.(2008) and Koo and Kim (2008) ; these have applications in medical imaging, robotics, and polymer science ( see Yarman(2005) , Yarman and Yazici(2003) , Koo and Kim (2008a) ).
Statistical inference on certain Lie groups in a parametric setting was considered also in concrete estimation problems in paleomagnetics , plate tectonics ( see Chang(1986 Chang( , 1989 Chang( , 1993 , Rivest and Chang (2006) Comparison of mean axes ( Beran and Fisher (1998) ), or of extrinsic mean planar projective shapes ( Mardia and Patrangenaru (2005)), as well as estimation of 3D motion in computer vision ( eg. Tuzel et. al. (2005) ), leads also to natural inference problems on Lie groups. However most of the time the dimension of the Lie group is higher than the dimension of the sampling manifold on which the Lie group is acting. This increase in dimensionality requires usually even larger samples; however this kind of data analysis is relevant in problems in medical imaging, proteomics, face analysis and the like were the sample sizes are often moderate or small.
Ideally the dimensions of Lie group and of the sampling manifold on which the group is acting should be the same. This is the case if the sampling manifold has a Lie group structure in itself. In section 2 we discuss such an example of sampling manifold, that is crucial in pattern recognition and medical imaging, the space P Σ In Section 3 we define the change C in a matched pair of random objects X, Y on a Lie group (G, •) by
This allows us to reduce a two sample testing question for means in paired data on G, to a one sample mean change test on G.
2
In Section 4, we briefly review extrinsic means and their asymptotic distributions ( Bhattacharya and Patrangenaru (2003, 2005) ) and in particular we apply the nonparametric inference for testing for one sample extrinsic mean on the projective shape manifold P Σ In section 6 we describe and display our data. Stereo data of the eye is the most common imaging data for eye disease detection and control. Our stereo pairs are from the Louisiana Experimental Glaucoma Study (LEGS) in Rhesus monkeys (Burgoyne et. al.(2000) ). In each of the individuals in the study, an increased internal ocular pressure (IOP) was induced in one eye, while the other eye was left as control. Both eyes were stereo imaged, thus for each individual in the study, a complete paired observation consists in four ONH images, two of the control eye (A) and two of the treated eye (B). Our data consists in fifteen independent complete paired observations from LEGS.
Section 7 is dedicated to an application to mean glaucomatous projective shape change detection, from stereo data of the ONH. Since glaucoma is a disease affecting the 3D appearance of the optic nerve head region (ONH) due to high IOP, it leads to a change in the 3D similarity shape of this region. The group of direct similarity is a subroup of the group of projective transformations, therefore a projective shape change in the ONH implies a direct similarity shape change as well. Our focus is on mean 3D projective shape change detection due to increased IOP in the eye, using the methodology described in section 4. The results are statistically significant.
Projective Shapes Spaces of 3D Configurations as Lie Groups
Human vision and pinhole camera image acquisition are based on a central projection principle. Two images of the same flat scene, acquired by a pinhole digital camera, therefore differ by a projective transformation. Formally, a 
A projective shape of a k-ad ( configuration of k labeled points ) is the orbit of that k-ad under projective transformations. If the k-ad is regarded as a point on (RP m ) k , then such a transformation acts at a time on each point of the k-ad, therefore the action of P GL(m) is the diagonal action of this group on (RP m ) k :
Patrangenaru (1999, 2001) Unlike in other dimensions, the three dimensional real projective space has a structure of noncommutative group.
Indeed if a real number x is identified with (0, 0, 0, x) ∈ R 4 , and if we label the quadruples (1, 0, 0, 0), (0, 1, 0, 0),
can be extended by linearity to a multiplication · of R 4 , and (R 4 , +, ·) has a structure of noncommutative field, the field of quaternions, usually labeled by H, in honor of William Rowan Hamilton. Note that if h, h ∈ H, then h · h = h h , therefore the three dimensional sphere inherits a group structure, the group of quaternions of norm one.
is a well defined Lie group operator on RP 3 , and the covering map S 3 → RP 3 is a local diffeomorphism of manifolds and a morphism of Lie groups. An explicit formula of the group multiplication on RP 3 , that is used in our computations in Section 7 is 
We close this section with an obvious remark that is useful in Section 3. In some particular cases when the manifold M admits a group G such that for each pair of points
from two distributions on M, one may associate a random sample 
, rather than testing for the equality µ E,1 = µ E,2 of the two extrinsic means, one may test if the extrinsic mean ofZ 1 Z 2 is the unity of S 1 . In both these cases, one deals with matched paired data on a commutative Lie group. In this section we extend these technique to paired random objects on an arbitrary Lie group, that is not necessarily commutative.
Recall that a Lie group is a manifold that has also a group structure, for which the multiplication rule and the inverse are differentiable functions. The tangent space at the identity element of a Lie group, is known as the Lie algebra of that group (Helgason (1978) ).
Assume X and Y are paired random objects on a Lie group (G, •). The change from X to Y is the random object
We say that there is no mean change from X to Y if the mean change from X to Y is the identity of the group G, that is the null hypothesis is 
One Sample Tests for Mean Projective Shapes
In this subsection we recall the explicit formulae for one sample tests statistics, in the specific case of a distribution on the projective shape spaces P Σ k m defined in Section 2. Recall from Mardia and Patrangenaru (2005) that the projective
, space of (m+1)×(m+1) symmetric matrices via the Veronese-Whitney embedding J :
one may consider the resulting equivariant embedding 
and in this case the extrinsic mean projective shape
where λ s (a) and γ s (a), a = 1, . . . , m+1 are the eigenvalues in increasing order and the corresponding unit eigenvector
If Y r , r = 1, . . . , n is a random sample from a population of projective shapes ( in its multi-axial representation), from a j k -nonfocal distribution, given in its multivariate axial representation by standard basis, and let P =: 
approximates the true distribution of T (Y j k ; µ j k ) given by (4.11), with an error of order 0 p (n −2 ). For small samples the coverage error could be quite large, and the bootstrap analogue in Corollary 4.1 is preferable.
Consider for example the one sample testing problem for mean projective shapes:
COROLLARY 4.3. The large sample p-value for the testing problem (4.13) is p = P r(T > T (Y
is given by (4.11).
In the small sample case, we use Efron's bootstrap (1979) and the problem (4.13) can be answered based on 
with U * n,α given by We set
where given by (4.17) . We set
where 5 Reconstruction of a 3D scene from two of its 2D images.
The problem of the reconstruction of a configuration of points in 3D from two ideal noncalibrated camera images with unknown camera parameters, is equivalent to the following: given two camera images RP The key result in 3D reconstruction from two ideal noncalibrated camera images is due to Faugeras(1992) For stereo data we need more than five landmarks, given that the 3D reconstruction algorithms require more points, preferably at least eight (Hartley and Zisserman (2004) We close by noting that while previous results in literature show that there is mean similarity shape change, or similarity size-and-shape change as well, those studies are based on HRT outputs, and most ophthalmologists can not afford an HRT, while any ophthalmologist has access to stereo cameras designed for eye fundus imagery. 
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